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ABSTRACT: A normalized p-y analysis method based on the CPT cone resistance is presented for estimating lateral 
displacements of piles embedded in sands. The method introduces and utilizes the continuous depth profile of soil condi-
tion and stress state directly using the CPT cone resistance, which enables more detailed and accurate estimation of lateral 
pile displacements. The non-linear characteristics of lateral load response were considered by introducing the hyperbolic 
relationship and used to normalize the p-y curve through the load transfer algorithm. The lateral soil resistance was ob-
tained and expressed in terms of the cone resistance. Calculated lateral displacements of piles obtained using the CPT-
based normalized p-y method were compared to those measured from the selected case example. Both lateral displacement 
and bending moment profiles were addressed and analyzed. 
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1. Introduction 

For the design of a laterally loaded pile in sand, the p-
y analysis method is often used to estimate the lateral dis-
placement owing to the simplicity of the method and rea-
sonableness of calculated results. In the p-y analysis, soils 
are modeled as a series of elastic springs where the non-
linear characteristics between the soil reaction (p) and in-
duced pile displacement (y) can be considered. The pile 
in this process is divided into several elastic elements [1, 
2].  

In the conventional p-y analysis, sampling and subse-
quent testing procedures are required in order to charac-
terize the soil spring properties in the p-y curve analysis. 
This often results in unintended ignorance of the detailed 
and continuous depth profile of soil characteristics and 
stress state in the analysis [3]. For this reason, there have 
been several approaches, proposed to define the p-y anal-
ysis based on in-situ testing methods such as the pres-
suremeter test (PMT), dilatometer test (DMT), and cone 
penetration test (CPT) [4-6]. In particular, CPT is re-
garded as an effective option for pile lateral load analysis 
because the horizontal stress is a key component in both 
cone penetration and lateral load-carrying mechanisms [7, 
8].  

In the present study, the normalized p-y analysis 
method using CPT results in sands is presented based on 
the work and results of Kim et al. [6]. For the CPT-based 
p-y method, the cone resistance (qc) is introduced into 
modeling the p-y curve to correlate the lateral load re-
sponse of pile to lateral soil resistance. The detailed and 
continuous depth profile of soil characteristics can then 

be readily incorporated into the analysis through the val-
ues of qc. Several case examples were selected and 
adopted to compare measured and predicted lateral dis-
placements using the CPT-based normalized p-y analysis 
method.  

2. Description of p-y curves in sands 

The lateral load response of piles including the lateral 
displacement and mobilized bending moment can be an-
alyzed using the beam-on-elastic foundation model 
where soils are assumed as a series of elastic springs 
characterized by p-y curves and pile segments [9]. For 
each pile segment, the equilibrium condition should be 
satisfied and the governing equation of the beam-on-elas-
tic foundation model is given by: 
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where EpIp = flexural rigidity of pile; Q = axial load; p = 
soil reaction per unit length; W = distributed load along 
pile; y = lateral displacement of pile; and z = depth below 
the ground surface. The soil spring stiffnesses given by 
the p-y relationship is included in Eq. (1) and updated 
through the iterative calculation procedure. For piles in 
sands, the p-y methods proposed by Reese et al. [2] and 
API [10] have been widely adopted [9, 10]. The p-y 
curves of Reese et al. [2] and API [10] are defined based 
on the strength parameter mainly with the internal 
friction angle (φ). 

Reese et al. [2] proposed the p-y curve formulation 
shown in Fig. 1(a). The ultimate lateral soil resistance (pu) 



 

is mobilized at large displacement of 3/80 times pile di-
ameter (D) and is defined as the smaller value obtained 
by the following equations: 
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where A = non-dimensional model coefficients; γ' = 
effective unit weight of soil; D = pile diameter; z = depth; 
K0 = coefficient of lateral earth pressure at rest; Ka = 
coefficient of active earth pressure; φ = internal friction 
angle of soil; α = φ/2; and β = 45°+φ/2. 

API [10] proposed the p-y curve function in the form 
of the hyperbolic tangent relationship given as follows: 
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where A = non-dimensional model coefficients = [3 – 
0.8(z/D)] ≥ 0.9 for static loading and 0.9 for cyclic 
loading; pu = ultimate lateral resistance; k = initial 
subgrade reaction modulus; and z = depth. The pu is then 
given as the minimum of the followings: 
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Figure 1. Existing p-y curves for sand: (a) Reese et al. [2]; and (b) API 

[10]. 

where C1, C2, and C3 = model coefficients that are given 
as a function of internal friction angle. Fig. 1(b) shows 
the p-y curve of API [10].  

3. CPT-based p-y curve for sands 

In the conventional p-y methods, the limitation is in-
herent due to the use of simplified depth profiles caused 
by the soil sampling procedure and the assumption that 
soils are idealized with discrete springs defined by the p-
y curves. The discontinuous condition of soil springs can 
be compensated by introducing the continuous CPT pro-
file into p-y analysis [6]. Changes in soil and stress con-
ditions can be reflected directly in the analysis by incor-
porating the cone resistance (qc) into the p-y curve at a 
certain depth. 

The hyperbolic function has been widely adopted in 
various geotechnical problems to describe the nonlinear 
stress-strain or load-displacement behavior of soil [11]. 
The hyperbolic function can also be applied to define the 
non-linear p-y curve in a normalized form given as fol-
lows [6]: 
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where p = lateral soil resistance; pu = ultimate lateral soil 
resistance; y = lateral displacement of pile; yu = lateral 
displacement at the ultimate state; a = stiffness ratio = 
Epy,u/Epy,0; Epy,0 = initial stiffness on p-y curve; Epy,u = p-y 
stiffness at the ultimate state = pu/yu.; and b = hyperbolic 
reduction factor. The stiffness ratio (a) is related to a 
strain at the ultimate state (εu) and can be obtained by the 
following relationship proposed by Kumar et al. [12].  

0.480.052 ua ε −=  (8) 
The εu can be obtained from induced lateral 

displacement at the ultimate state (yu). Blaney and O’Neil 
[13] presented the following relationship between εu and 
yu: 
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where D = pile diameter. This leads that the value of a is 
equal to 0.321 from Eq. (8) by substituting yu with 3D/80 
in Reese et al. [2]. The pu is mobilized at yu. This indicates 
that the normalized form of p/pu is equal to unity when 
the ultimate state of y/yu is equal to unity. From the 
relationship, b can be obtained as equal to 0.679. 
Equation (6) can then be rewritten as: 
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The pu is a key component in the lateral load response. 
pu is the maximum resistance that can be mobilized for a 
given local soil condition, stress state and strength 
characteristic of the soil. The correlation of pu and qc was 
proposed by Lee at al. [14] given as follows: 

0.391 0.6092.775u c mp D q σ ′=  (11) 
where D = pile diameter; qc = cone resistance; and σ′m = 
mean effective stress. Note that the relationship between 
pu and qc of Eq. (11) corresponds to pu in Broms [15] and 
was modified to match and compatible with the 
normalized p-y function. Therefore, Eq. (9) can be 
expressed as: 



Table 1. Soil properties for p-y analysis at test site 
 

Depth (m) Soil type 
Saturated unit 

weight,  
γsat (kN/m3) 

Friction angle, φ (°) Lateral subgrade modulus,  
k (MN/m3) Undrained 

shear strength, 
su (kPa) 

ε50 
API method Bolton method API method Bolton method 

0.0 - 0.5 Sand 19.5 
(not saturated) 33 39 24.4 60.0 - - 

0.5 - 2.6 Sand 20.1 33 39 15.4 35.2 - - 

2.6 - 3.0 Sand 20.1 32 37 13.6 35.2 - - 

3.0 - 4.0 Sand 20.1 32 36 13.6 29.8 - - 

4.0 - 4.7 Sand 20.1 32 36 13.6 24.4 - - 

4.7 - 6.0 Sand 20.1 30 36 10.8 24.4 - - 

6.0 - 7.5 Sand 20.1 30 35 10.8 21.7 - - 

7.5 - 9.3 Soft clay 19.3 - - - - 19.2 0.01 

9.3 - 10.2 Sand 20.1 30 34 10.8 19.0 - - 

10.2 - 11.8 Soft clay 19.3 - - - - 19.2 0.01 

 
 
 

 
Figure 2. Normalized p-y curve based on CPT result for sand. 

 

 
Figure 3. CPT profile at test site [16]. 
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It is noted that the effect of the horizontal stress and its 
continuous profile on pu is included in σ′m and qc whereas 
the nonlinearity in the load-displacement curve can be 
considered using the hyperbolic formulation of Eq. (12). 
Fig. 2 shows the CPT-based normalized p-y curve of Eq. 
(12).  

4. Comparison with field load tests 

To check the results of the CPT-based p-y method 
reviewed in this study, a case example was selected from 
the literature [16] and compared with the estimated 
results using the CPT-based method. The test pile was a 
steel pipe pile with an outside diameter of 0.324 m and a 
thickness of 0.01 m. The yield strength of the steel pipe 
was 404.6 MPa based on 2% offset criteria and the 
moment of inertia was 1.43×10-4 m4. The yield bending 
moment was calculated to be 357.1 kN·m. The embedded 
length of the pile was 11.5 m and the lateral load was 
applied at 0.69 m above the ground surface.  

The test site was located on Treasure Island in San 
Francisco Bay, US. The soil of the test site was sand to a 
depth of 7.5 m, and the clay layer existed from 7.5 m to 
9.3 m below the ground surface. The upper sand layer 
was classified into SP, SP-SM, and SM according to the 
Unified Soil Classification System (USCS). The 
groundwater table was located about 0.5 m below the 
ground surface during the pile testing. The depth profile 
of qc is shown in Fig. 3. The average values of qc were in 
the range between 4 to 9 MPa in the upper sand layer. 
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Figure 4. Lateral load-displacement curves using friction angle of (a) 

API [10]; and (b) Bolton [17]. 

 
The detailed soil variables for the test site were 

reported in Rollins et al. [16] and the summary of soil 
properties is given in Table 1. To determine φ at the test 
site, the methods proposed by Bolton [17] and API [10] 
were adopted. According to Bolton [17], φ can be 
obtained using the following dilatancy equations: 

3p c RIφ φ= +  (13) 
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where φp and φc = peak and critical-state friction angles; 
IR = dilatancy index; DR = relative density; pA = 100 kPa; 
σ’mp = mean effective stress; and Q and R = intrinsic soil 
variables. For the API method [10], the following 
equation is used to obtain the friction angle. 

216 0.17 28.4R RD Dφ = + +  (15) 
It was found that higher friction angles were estimated 
using the Bolton method than the API method.  

For the selected example, the p-y analyses were 
performed using the methods of Reese et al. [2] and API 
[10] and using the CPT-based method of Eq. (12). The 
values of φ obtained from both Bolton method and API 
method were adopted as input variables for the p-y 
methods of Reese et al. [2] and API [10]. The CPT profile 
in Fig. 3 was input for the CPT-based p-y analysis.  

The measured and predicted lateral load-displacement 
curves are shown in Fig. 4. The predicted result using the 
CPT-based p-y method was in close agreement with the 
measured curve. For the methods of Reese et al. [2] and 
API [10], the accuracy of the predicted results was 
dependent on the adopted values of φ. The φ using the 
Bolton method induced stiffer lateral load response due 
to higher φ. In this case example, φ from the Bolton 
method produced better accuracy for the measured 
results. It is noted that the selection of φ was not required 
for the CPT-based p-y method.  

The measured and predicted maximum bending 
moment curves using the property- and CPT-based p-y 
methods are compared in Fig. 5. In the measured curve, 
the bending moment did not reach to yield point of the 
pile. The accuracies of the calculated maximum bending 
moments using the conventional property-based p-y 
curves were quite different depending on adopted values 
of φ. The results using φ of the API method were 
overestimated at higher load level while those using φ of 
the Bolton method were in good agreement with the 
measured curve. Note that such a tendency should be 
limited for the selected case and may become different if 
different soil condition is addressed. The estimated 
results using the CPT-based method matched well the 
measured curve. 
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Figure 5. Maximum bending moments using friction angle of (a) API 

[10]; and (b) Bolton [17]. 



 
         (a) 

 
         (b) 

Figure 6. Depth profiles of bending moment at loading levels of (a) 
67.6 kN; and (b) 89.0 kN. 

 
The calculated bending moments along the depth were 

compared with the measured result. For methods 
proposed by Reese et al. (1974) and API (2010), the 
values of φ defined from both Bolton method were used. 
The results calculated using p-y curves were slightly 
different from those measured within a depth range of 3-
6 m. For all p-y methods, the predicted depths 
corresponding to the maximum bending moments were 
in good agreement with the measured profile. For the 
applied load of 89.0 kN, the maximum bending moment 
estimated by CPT-based method was matched well with 
the measured value while property-based p-y methods 
overpredicted the results. Additionaly, it can be inferred 
from Fig. 5 that the property-based methods using φ 
obtained from API method would more overestimate the 
depth profile of bending moment. 

5. Summary and conclusions 

The CPT-based normalized p-y method was presented. 
The method takes advantage of CPT that is capable of 
measuring the cone resistance (qc) with a continuous 
depth profile. To enhance the current p-y curve methods 
where detailed and continuous depth profile of in-situ soil 
condition is only limitedly considered, qc was 
incorporated into the p-y curve function in a form of 
normalized relationship.  

The CPT-based p-y curve for laterally loaded piles in 
sand was described based on the hyperbolic function with 
the nonlinear relationship between soil reaction and pile 
displacement. The ultimate lateral soil resistance (pu) was 
considered as a key parameter in the p-y analysis, which 
was well correlated to qc. The qc-pu correlation equation 
was then introduced into the displacement analysis where 
the depth profile of qc is introduced directly as an input 
parameter. 

The displacements and maximum bending moments 
were compared with the measured results for the case 
example to check the applicability of the method. The 
difference of results using CPT-based method from those 
using the conventional property-based methods was also 
presented. The CPT-based method provided the results in 
good agreement with the measured results without a 
selection process for the friction angle.  
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