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ABSTRACT: Water flow analyses under transient soil hydraulic conditions require knowledge of the soil hydraulic
properties. These constitutive relationships, named soil-water characteristic curve (SWCC) and hydraulic conductivity
function (HCF) generally have several parameters that must be calibrated against collected data. Many of the parameters
in SWCC and HCF models cannot be directly measured in field or laboratory but can only be meaningfully inferred from
collected data and inverse modeling. In this paper we introduce Evolutionary Polynomial Regression (EPR) as a tool to
develop surrogate models of the physically-based unsaturated flow. A rich dataset of soil hydraulic parameters is used to
calibrate our surrogate model, and real-world data are then utilized to validate our methodology. Our results demonstrate
that the EPR model predicts accurately the observed pressure head data. The model simulations are shown to be in good
agreement with the Hydrus software package.
Keywords: unsaturated flow; inverse modeling; surrogate model; evolutionary polynomial regression

1. Introduction
Unsaturated soils are filled with water and air [1]. In
such environments, infiltration processes depend critically on the geological properties. The processes determine groundwater flow, subsurface saturation, run-off
generation, variably saturated water flow, the shape of
the hydrograph and slope stability [2-6]. Thus, a model
that describes adequately the water movement in the unsaturated zone is a prerequisite to characterize many different earth surface phenomena.
The water movement in unsaturated soils is generally
described by Richards’ equation [7]. This water flow
model solves the pressure head distribution of the soil,
yet it is a highly nonlinear partial differential equation.
This requires a detailed computational analysis since analytical solutions are very difficult to derive. Water flow
analyses under transient soil hydraulic conditions require
knowledge of the soil hydraulic properties. These constitutive relationships, coined soil-water characteristic
curve (SWCC) and hydraulic conductivity function
(HCF), generally have several parameters that must be
calibrated against collected data [8-9].
Field and laboratory measurement methods allow to
collect data that can be used to model water flow movement. Such methods include a wide variety of instruments and techniques. Examples of laboratory methods
include pressure plates, dew point and filter paper. A
common field method is the Guelph permeameter. These
latter four techniques make it possible to provide one
constitutive relationship (SWCC or HCF), yet inversion
methods are required to interpret the observations of hydraulic head. Much effort is required to use collected data

to characterize transient behavior of unsaturated soils
[10].
Many of the parameters in SWCC and HCF models
cannot be directly measured in field or laboratory but can
only be meaningfully inferred from collected data. Parameter estimation by inverse modeling provides a simple way to merge observed data and models. The inverse
modeling approach has been widely used for variably saturated parameter estimation [11-16]. This body of work
has led Velloso [17] to propose a new field test herein
called Monitored Infiltration (MI) test. The test consists
on measuring pressure head at a specific soil depth during
an infiltration process. Observed data can then be inverted in local and global optimization algorithms. The
MI test has been used in numerical [18-20] and field studies [19] in Rio de Janeiro, Brazil. While common local
optimization algorithms, such as Levenberg-Marquardt
[21], might eventually search only around the local minimum [18-20], other state-of-art Bayesian algorithm,
such as the Differential Evolution Adaptive Metropolis
(DREAM) [22] generally finds global optimal results.
However, the Bayesian paradigm needs to run the direct
water flow model several times. This can complicate its
application to nonlinear, time consuming, numerical
models as Richards’ equation. Instead, one may give
preference to simulate surrogate models, which mimic
the output of Richards’ model. Surrogate models are simple polynomials that enable inverse modeling techniques
to run optimization algorithms at their full potential [20].
In recent years, several computer pattern recognition
and data-driven approaches have emerged and developed. Although there are many data-driven techniques,
artificial neural networks (ANN) and genetic programming (GP) are most widely used pattern recognition

methods to model complex engineering problems and
capture nonlinear interactions between various parameters in a system [23]. In ANN, the user can only analyze
inputs and outputs of the simulations. Other disadvantages are related to pre-processing of the data, identification of the optimum structure of the network, large
parameterization and overfitting problems [24]. GP algorithms on the other hand are grey-boxes techniques as
they provide an analytical expression to represent the system response. However, the principle of parsimony must
be critically controlled by including a measure of tradeoff between the quality of fit and the model complexity
[25-26]. A new data driven technique, Evolutionary Polynomial Regression (EPR) is promising as it can develop
surrogate models avoiding the main shortcomings of
ANN and GP.
EPR is a grey-box conceptual model [26], with a mathematical structure, derived empirically from physical
phenomena. These models are usually polynomials that
require parameter estimation during data modeling. The
EPR framework merges input and output data to develop
transparent and well-structured models. Examples of
EPR models in geotechnical engineering include settlement of shallow foundations [27], hydraulic conductivity
[28], air permeability of the soil [39], lateral bearing capacity [30], stability of soil and rock slopes [31], pedotransfer functions [32], stress-strain relationships [3334], mechanical behavior of unsaturated soils [35], constitutive modeling in finite element analyses [23,33-34],
optimization of aquifers subjected to sea water intrusion
[36] and modeling of soil water characteristic curves
[37]. Whereas much work has been made on development and use of EPR models for prediction of geotechnical behavior of soils and rocks, little attention has been
given to the unsaturated water flow.
In this paper, we built on the ideas of Giustolisi and
Savic [27] and introduce an EPR model for unsaturated
flow. We use synthetic and real-world field data to illustrate our method. The proposed EPR modelling framework uses incremental approach [23, 34-35] coupled with
Differential Evolution [38] to adequately characterize the
highly nonlinear behavior of Richards’ equation. The
model is calibrated against a rich dataset of soil hydraulic
parameters derived using the Rosetta program [39]. Predictions of pressure head with the Hydrus program are
used to simulate the infiltration process.

2. Evolutionary Polynomial Regression
The Evolutionary Polynomial Regression is a datadriven method based on evolutionary computing. A general EPR model structure, that can have 𝑚 different
terms, is written as follows:
𝑚

𝒚 = 𝑎0 + ∑ 𝐹(𝑿, 𝑓(𝑿), 𝑎𝑗 )

(1)

𝑗=1

where 𝒚 stores the estimated vector of target values; 𝑎0
signifies bias term, 𝑎𝑗 is an adjustable parameter for the
jth term; 𝐹 is a function constructed by the process; 𝑿 is
the matrix of input independent variables; 𝑓 represents an
optional function given by the user. The main goal of

EPR is to search for the best model structure denoted by
Equation 1. This process involves calibration against ob̃.
served data, 𝒚
In the classical EPR procedure [26], genetic algorithm
is used to find feasible structures of Equation 1 while the
adjustable parameters are computed by means of the linear least squares. In such technique, the sum of squared
errors (SSE) is minimized as cost function, given as:
SSE =

2
∑𝑁
̃)
𝑖
𝑖=1(𝑦𝑖 − 𝑦
𝑁

(2)

where 𝑁 is the number of data points. A detailed description of EPR appears in [26] and thus will not be repeated
herein.
In this paper, we derive EPR using Differential Evolution (DE) [38] for model structure global exploration.
The developed DE algorithm, quickly converges to the
global optimum, is relatively easy to use and have few
control variables [40]. Details on the developed DEbased EPR algorithm are outside the scope of this work
and will be discussed in a further publication. We now
present the basic building blocks of our methodology.

3. Methodology
This work methodology uses the iterative research
cycle approach [22]. In order to understand the
estimation of unsaturated parameters all five components
of our framework, Fig. (1), must evolve at the same rate.
In other words, the more accurate the field data and
model assumptions are, it is to be expected that good
quality estimations are obtained. Aditionaly, a good
estimation is obtained if an adequate optimization
algorithm is use, and hence if an adequate surrogate
model is used (if the optimization strategy requires one).
Therefore, this approach lets the user question which of
the steps might need atention. This research aimes
primarly in applying EPR procedure to model
unsaturated flow, consequently, the main concern herein
is to adequadly provide good informations from itens
shown in Fig. (1.a) until Fig. (1.d).

3.1. Data measurements
The first step is to collect data information. The
Monitored Infiltration test, Fig. (1.a), is used to collect
the system response. The test consists of a simple
geometry of a open circular pit, 20 cm deep and 16 cm
wide. A tensiometer instrument measures the pressure
head changes as the test is on course of action. This
device should be placed right on the axis of symmetry.
Also, to obtain the desired response it is necessary to have
on hand a Mariotte type bottle device to keep the
hydraulic head constant during the test. Instantly after
applying the hydraulic head, the water will start the
infiltration process. When the infiltration front reaches
the tensiometer ceramic, the saturation process will start,
until the pressure head reaches constant values. When no
more significant changes in pressure heads are observed,
the test can be considered as finished. After gathering
field information, it is necessary to collect disturbed and
undisturbed soil samples in order to characterize

Figure 1. Methodology used to calibrate a surrogate model with the monitored infiltration test. (a) Data collection through field and laboratory measurements; (b) Parameters mapping through laboratory results and Rosetta prediction; (c) A series of forward models to generate a predetermined number of pressure head versus time curves; (d) The EPR algorithm uses the synthetic curves to calibrate a model; (e) Parameters estimation through
inverse modelling.

its physical properties. With the soil specifications made
through laboratory tests it is possible to generate, through
the developed Rosetta program [39], different groups of
hydraulic parameter that maps and represents candidate
parameters.

3.2. Mapping soil parameters with Rosetta
Step two shown in Fig. (1.b), consists on mapping the
unsaturated hydraulic parameters that best honors the soil
characteristic. This process is achieved by defining
ranges of textural contents which will feed the Rosetta
pedotransfer function. The final product of this step
provides a range of predetermined set number of the van
Genuchten parameters, as in Eq. (2). This set should
assume that the optimum soil parameters is placed within
its range.
𝒙𝑖𝑥5 = [𝜽𝒓 𝜽𝒔 𝜶 𝒏 𝑲𝒔𝒂𝒕 ]

(2)

where 𝒙 is a matrix of the 𝑖 = 1,2, … , 𝑛 predetermined
groups of parameters; 𝜽𝒓 [cm³ cm-3] is a column vector

of different residual water content; 𝜽𝒔 [cm³ cm-3] is a
vector of predicted saturated water content; 𝜶 [cm-1] and
𝒏 [-] are vectors of the model’s adjustable parameters;
and 𝑲𝒔𝒂𝒕 [cm s-1] is a vector of the hydraulic conductivity
parameter at saturation.

3.3. Feeding EPR with HYDRUS
Step three, Fig. (1.c), uses HYDRUS 2D/3D comercial
finite element program developed by PC-Progress
company to generate curves of synthetic data. The
HYDRUS program, together with Rosetta predictions,
will feed the EPR algorithm into developing the surrogate
model. This procedure is done by introducing each group
of parameter and numerical specifications (i.e mesh,
observation point, initial and boundary conditions), to
HYDRUS direct mode calculations. The output of this
process will provide synthetic pressure head versus time
response associated to each group of parameters. The
numerical specifications for the MI test, shown in Fig.
(2), will be described. The type of geometry is a 2D
axissymetric vertical flow with element size
corresponding to 1 cm for the hole domain. Boundary

conditions are: constant head placed inside the open pit,
atmospheric boundary on top of the geometry and no flux
condition in the remaining of the geometry. Although the
no flux condition may not maintain faithfullness of field
conditions, the geometry was fixed to a size were
computational effort would not be costly and the
infiltration front would not reach the impervious
contour. If the infiltration front reaches the contour,
pressure head acummulation might be encoutered, and
therefore the boundary must be modified to overcome
this deficiency.

35] have shown that this technique is suitable for
applications with non linear behavior and allows a pointby-point construction of the entire curve. In this approach
the model is calibrated with past information of the
dependent variable, which ables the algorithm to capture
the curve’s shape. Rezania [23] shows that if the
optimum mathematical structure is unknown, a pure
polynomial structure shows fitting values equal or better
than pseudo-polynomial functions. In addition, a pure
polynomial structure acelerates the speed of the
regression. Therefore, no function was used in the present
work. Equation (3) presents the selected polynomial
structure for the present work.
𝑚

𝒀 = 𝑎0 + ∑ 𝑎𝑗 ∙ (𝑿1 )𝑬𝑺(𝑗,𝑘) ∙ … ∙ (𝑿𝑘 )𝑬𝑺(𝑗,𝑘)

(3)

𝑗=1

Figure 2. Numerical settings: type and size of geometry, element sizes
and boundary condition (Out of scale).

3.4. Surrogate model development
Step four, Fig. (1.d), aimes to introduce a vector of all
the sinthetic data and a matrix of the corresponding
independent variables to the evolutionary process. With
this information and EPR settings this technique will
approximate an analytical equation through what is
known as symbolic regression.
Before starting the symbolic regression, there are a
number of constraints to take into account, these are:
select the optimization strategy, type of function f, select
independent variables, range of exponents, number of
terms, number or populations and generations.
The single-objective optimization strategy guides the
algorithm towards the best fitting function by comparing
the observation data with prediction data. It is the
simplest strategy to implement. However, all additional
model information should be chosen before applying the
regression. By applying multi-objective optimizations
[41], the number of terms, noise control and choice of the
best function, based on a fitness function, can be chosen
as the EPR evolution proceeds. This procedure, is
considered as an advantage by the fact that the global
optimum structure may reveal itself. However, due to the
simpler EPR implementation, a single-objetive
optimization was explored in this study.
Although a general equation would be more suitable
for researchers interested in applying the surrogate model
for any field condition, the computational effort did not
match the capability of i7-7700 CPU @ 3.6GHz and
16.GB of memory machine used herein. Therefore, the
choice of the independent variables is based on
computational performance. It is worth meationing that
previous research using incremental approaches [23, 34-

where 𝒀 is the estimate target value; 𝑚 is the number of
terms of the target expression; 𝑎0 is the bias term and 𝑎𝑗
is the adjustable parameter for the j th term; 𝑿 represents
the matrix of input for 𝑘 independent variables 𝑿 = [𝑿1 ∙
… ∙ 𝑿𝑘 ]; 𝑬𝑺𝑚𝑥𝑘 is the matrix of exponents whose elements can assume values within user-define-bounds. The
target value in this work is the pressure head 𝜳𝑖+1 (cm)
referred to the subsequent time step prediction for 𝑖 =
0,1,2, … , 𝑁 records. The adopted independent matrix is
𝑿 = [𝒕𝑖 𝜽𝑟 𝜽𝑠 𝜶 𝒏 𝑲𝒔𝒂𝒕 𝜳𝑖 ] where 𝒕𝑖 (s) is the current
time step; 𝜽𝑟 , 𝜽𝑠 , 𝜶, 𝒏 and 𝑲𝒔𝒂𝒕 are the van Genuchten
parameters and 𝜳𝑖 is the current pressure head (cm).
Equation (4) shows the input matrix for one pressure
head versus time curve, which in order to perform the regression must include all 𝑖 curves. The exponent values
where defined between [−3; −2; −1; 0; 1; 2; 3]. No decimal exponents, such as 0.5 and 1.5, where considered.
This avoids equations with complex number (the association between a negative pressure head, 𝛹𝑖 and decimal
exponent).
𝑡1
𝑡2
𝑿 = 𝑡3
⋯
[ 𝑡𝑖

𝜃𝑟
𝜃𝑟
𝜃𝑟
⋯
𝜃𝑟

= [ 𝒕𝑖 𝜽𝑟

𝜃𝑠
𝜃𝑠
𝜃𝑠
⋯
𝜃𝑠

⋯
⋯
⋯
⋯
⋯

𝛹0
𝛹1
𝛹2
⋯
𝛹𝑖 ]

𝜽𝑠

⋯

𝜳𝑖 ]

(4)

After adjusting the EPR setting, the algorithm
proceeds to the regression. The data is divided into
training (calibration and evaluation) and validation. On
the training data, 75% of data calibrates the model, the
remaining 25 % of the data evaluates the model. The
validation set, corresponds to one selected curve that will
appraise the generalization capability of the model to an
unseen simulation. Both evaluation and validation sets
are in the range of the calibration data, because EPR is
good at predicting data from interpolation, but not so
effective for extrapolation of model’s range[34].
As the EPR procedure starts, Rezania [23] has shown
that by increasing the number of evolutions the equations
gradually picks up the different participanting parameters
in order to form equation representing the constitutive

model. The level of accuracy at each evolution is
measured using sum of squared errors until the stop
criterion is reached, in this case, a predetermined number
of generations.
After revealing the best equation, just as in EPR
incremental approaches [23, 34-35], a point-by-point
construction of the entire curve is made through a loop.
Figure. (3) demonstrates this procedure. For this
approach the initial condition 𝛹𝑖=0 for the initial time
𝑡𝑖=1 is known, consequently by introducing this value in
the equation the next pressure head is calculated through
each loop, until the last time step is computed.

Figure 3. Schematic sketch of equation loop.

3.5. Inverse analyses
The last step, number five is showed in Fig. (1.e). It
consists on applying the inverse modelling to observed
data. This step consideres two approaches, that are
illustrated in Fig. (4).
First, the EPR equation goes through inverse analyses
with the Levenberg-Marquardt optimization algorithm in
order to estimate the parameters. This will be executed
with the Matlab 2019.a software package and the
Lsqnonlin function. This procedure consists on supplying
the Lsqnonlin function with the observation data, EPR
equation, initial condition 𝛹𝑖=0 , and a initial guess for the
parameters. The Lsqnonlin will use the LevenbergMarquardt algorithm to estimate the parameters that
produces the best fit between the observed data and the
EPR predictions. In Matlab, the Levenberg algorithm
does not handle boundary constraints. In other words, the
user cannot limit the search space. Therefore, the initial
estimate must be as accurate as possible, so that the
algorithm, from the phenomenon point of view is able to
produce acceptable parameters. After inverse analysis,
the estimated parameters will be introduced to HYDRUS
2D direct model to best represent the prediction.
For comparison pourposes, the available HYDRUS
2D inverse option will also be executed. For this
numerical optimization, the program allows boundary
constraints, so it is possible to be not so strict regarding
initial estimates. The numerical solution of the inverse
problem requires field observations and numerical
informations: geometry, boundary conditions, initial
conditions and initial estimatives, which must be
identical to assay setting in order to correctly represent
field observations. Before the last parameters estimation,
as a subrotine procedure, the Hydrus performs the direct
model to compare the observed and predicted data. This
information, along with the estimated parameters allows
the user to visualize how much the algorithm has been
able to adjust.

Figure 4. Flow diagram of inverse analyses.

Even though the interpretation of the estimates are a
crutial part of the inverse analyses, they are outside the
scope of this work.

4. Results
4.1. Synthetic data
The purpose of this example is to apply the
metodology described in section 3 and study the EPR
modeling and optimization capacity in a controlled
scenario. Where the optimum parameters are known. In
this perspective, a group of hydraulic parameters was
randomly chosen from a Rosetta prediction for sandy
soils to represent a hypothetical measurement.

Figure 5. Synthetic data whose unsaturated hydraulic parameters are
known. (a) MItest response. (b) MItest field specifications.

Figure. (5.a) illustrates the synthetic field data. The MI
test setting is presented in Fig. (5.b). It took
approximately 500 seconds for the infiltration front to
reach the observation point and from there 1180 seconds
for field saturation. It can be seen that at the end of the
assay there is a residual pressure head, which suggests
that the boundary condition was not able to remove all
the air fluid from the pores.
In order to map the hydraulic predictions, the Rosetta
program searched for 100 hydraulic parameter sets for
ranges between 80% and 100% of sand content and 0 to
20% for silt content. After the predictions, all the
parameters where introduced to HYDRUS 2D forward
model to generate pressure head versus time curves.
Figure. (6) demonstrates that the synthetic data is placed
within the predicted range, consequently EPR will
interpolate and not extrapolate the optimum parameters.

Figure 6. Prediction of 100 pressure head curves for 1680 seconds
time-lapse.

The input data from the previous step was introduced
to the EPR. The matrix of inputs was identical to Eq. (4).
All curves considers a total time of 1680 seconds divided
in equal time steps of 1 second. This regression was
setted to: 3 polynomial terms; a population of 90
potential fitting exponents whose values where described
in subsection 3.4. The stop criteria (number of
generations) considers one hundred evolutions. Table 1
presents the statistical and computational performance of
the regression. It can be seen by the statistics and sum of
squared errors (SSE) that the EPR adjusts a equation with
great accuracy. The computational performance also
shows great performance for this study case. We present
in Eq. (5) the generated equation. It is worth meationing
that the independent variable, pressure head 𝛹𝑖 , was
divided by 1000 because the equation can present
convergence problems while executing the loop.
𝛹𝑖+1 = 0.3487 − 53.5158 ∙
−1.0204 ∙ 10−9 ∙

𝑡 ∙ 𝑛 ∙ 𝐾𝑠𝑎𝑡 2 ∙ (𝛹𝑖 /1000)

𝑡2

𝜃𝑠 2 ∙ 𝛼

2

𝜃𝑠 ∙ 𝛼
+ 1000.7922 ∙ (𝛹𝑖 /1000)

(5)

Table 1. EPR performance for synthetic data.

Data set

Metric
R²
Calibration
RMSE (cm)
R²
Validation
RMSE (cm)
Sum of Squared Erros (SSE)
Computational time (min)

Values
0.99
1.29
0.99
0.90
1.67
18.23

Equation (5) was introduced to Matlab for inverse
procedure. Velloso [12] recomends, for numerical
inverse procedure, that saturated and residual moisture
contents are to be fixed during inversion, the reason being
that this two parameter are highly correlated in the van
Genuchten model. As a result, several combinations
between them satisfies the best fit, thus the optimum
parameters might never be reached. Therefore, HYDRUS
optimization throught the Levenberg-Marquardt
algorithm and van Genuchten model, estimates only three
parameters. The same approach is adopted for EPR
optimization. Figure (7) presents the graphical results of
the inverse analyses. By the fact that the synthetic data
and the inverse procedure comes from the same model,
i.e HYDRUS, the inverse model presents very good fit
between the synthetic data and the estimated data.
However, it can be seen from the second column of table
(2), which shows the estimated parameters, that the
optimum parameters where not found. This fact can be
assigned to the correlation between the parameters,
therefore optimum parameters might never be reached.
The EPR on the other hand did not show the best fit
between observed and estimated datasets. However,
some conclusions can be drawn. First of all, the arrival of
the infiltration front was correctly estimated. In second
place, the time it took for the tensiometers ceramic
capsule to saturate was correcly estimated and finally the
EPR overestimated the residual pressure head. Even
though, the best fit was not reached a good agreement
was found between observed and estimated patterns.

Figure 7. Graphical results of inverse analyses for synthetic data.

Table 2 presents the estimated parameters. As it can
be seen the HYDRUS presented the best parameters
because the synthetic data and the inversion procedure
comes from the same governing model solution.
However, the optimum parameters where not found. The
EPR overestimated all the parameters, but capture the
desired phenomenon. In the computational aspect, table

(2) reinforces the EPR capability of outperforming the
HYDRUS inversion procedure.
Table 2. Synthetic inversion results.

Parameter
Data
𝜃𝑟
0.0379
𝜃𝑠
0.3901
𝛼
0.0134
𝑛
2.3870
𝐾𝑠𝑎𝑡
0.000243
Computational time
(min)

HYDRUS
0.0139
2.6035
0.000236

EPR
0.0303
3.6183
0.000308
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0.04

4.2. Field data
Figure. (8.a) illustrates real field mesurement whose
MI test setting is presented in Fig. (8.b). The soil at site
was classified as residual soil of high strenght. This factor
made it difficult to drill the open pit and to introduce the
tensiometer. Thus the test settings where adapted to
match field conditions. It took approximatly 30 seconds
for the infiltration front to reach the observation point and
from there 140 seconds for field saturation. It can be seen
that at the end of the assay there is no residual pressure
head, which suggests that full saturation was reached.

the field data fell out of predicted range. Therefore
textural content alone were not enough to map the
parameters in this case. Khoshkroudi et.al [32], shows
that better predictions are obtained with addition of bulk
density. Therefore, HYDRUS was used for preliminary
mapping of the parameter, because it has a coupled
Rosetta program that allows predictions with more
variables than textural contents. The textural classes
along with the bulk density were introduced to the
HYDRUS-Rosetta. Results from predictions showed that
the porosity (0.33), measured in laboratory, and the
predicted saturated moisture content (0.33) were
identical. It is known that at saturation, both values are
theoretically the same. Consequently it could be assumed
that better predictions are obtained through PTFs with
textural classes and Bulk density. In this sense, with the
HYDRUS-Rosetta prediction, it enables to set a range of
search, shown in table (4). This range was introduced to
the Rosetta developed in this research, were it mapped
100 sets of parameters. Figure (9) demonstrates that this
procedure showed reliable predictions even though some
adjustments where needed.
Table 4. Using HYDRUS Rosetta to overcome the developed Rosetta
limitations.

Rosetta type

𝜽𝒓

HYDRUS
Devel
-oped

Max
Min

𝜽𝒔

𝜶

𝒏

𝑲𝒔𝒂𝒕

0.05

0.33

0.03

1.24

0.002

0.08
0.01

0.36
0.30

0.05
0.01

3.00
1.10

0.010
0.001

Figure 8. MItest measurement on a residual soil test site whose unsaturated hydraulic parameters are unknown (a) MItest response (b)
MItest field specifications

Through disturbed and undisturbed soil samples it was
possible to obtain six of the most important soil
characteristics for MI test inverse analyses. Table (3)
shows the soil textural contents and physical indices,
where is the 𝜌𝑑 bulk density, ∅ is the porosity and 𝜔 the
soil moisture.
Table 3. Textural contents and physical indices for the field data

Textural contents
Sand
(%)
65.5

Silt
(%)
14.3

Clay
(%)
20.2

Physical indices
𝝆𝒅
(g/cm³)
1.75

∅
(%)
33.50

𝝎
(%)
6.94

Next step consisted on mapping the soil hydraulic
parameters through Rosetta. The textural contents were
introduced to the developed Rosetta. After running the
HYDRUS curves, through the numerical foward model,

Figure 9. Prediction of 100 pressure head curves for 200 seconds
time-lapse.

The input data from the previous step was introduced
into EPR. The regression settings were similar as for the
sythetic data. The differences included: a polynomial
length of five terms. Table 5 presents the statistical R²
and RMSE parameters and computational performance
of the regression. It can be seen by the statistics and SSE
that the EPR adjusts a equation with good accuracy. The
validation set shows that the EPR prioritized for curves
that began to saturate from 10 seconds until 50 seconds,
where the highest amount of data is. The computational
performance shows excelent performance for this study
case. The elapsed time (2.37 min) proved to be much
faster than for the synthetic case (18.23 min) because
each curve on the synthetic dataset had approximatly 10

times more datapoints. In other word, the synthetic data
had 100 curves and 1680 datapoints for each curve (a
total of 168,000 data points) whereas the field dataset had
100 curve and 200 seconds for each curve (a total of
20,000 data points). Therefore, it took longer for
algorithm to perform the regression for the synthetic data
even though it had smaller number of polynomial terms.
Equation (6) presents the generated equation, were the
variable 𝛹𝑖 was divided by 1000 to avoid convergency
problems during the loop.
𝑡 ∙ 𝐾𝑠𝑎𝑡 ∙ 𝑛2 ∙ (𝛹𝑖 /1000)
𝜃𝑠 ∙ 𝛼
𝜃𝑟 2 ∙ 𝜃𝑠 2 ∙ 𝑛 ∙ (𝛹𝑖 /1000)

𝛹𝑖+1 = 2.1219 − 0.6005 ∙
+0.0277 ∙

𝐾𝑠𝑎𝑡 2
𝛼 2 ∙ 𝐾𝑠𝑎𝑡 2
−2.0930 ∙ 10−4 ∙
𝜃𝑟 ∙ 𝜃𝑠 ∙ 𝑛3 ∙ (𝛹𝑖 /1000)2
+ 1003.4633 ∙ (𝛹𝑖 /1000)

(5)

Table 5. EPR performance for field data

Data set

Metric
R²
Calibration
RMSE (cm)
R²
Validation
RMSE (cm)
Sum of Squared Erros (SSE)
Computational time (min)

Values
0.99
14.17
0.99
9.20
157.67
2.37

Next step was to execute both inversions. Both
inversion included fixed saturated and residuals water
contents, which were estimated by the HYDRUS-Rosetta
which is shown in table (4). Figure (10) presents the
graphical results of the inverse analyses. EPR shows that
the predictions underestimated the arrival of the
infiltration front and pressure head at saturation,
however it estimated correctly the time it took for the
tensiometer’s ceramic capsule to saturate. HYDRUS on
the other hand, had similar results, which underestimated
the infiltration front arrival but it estimated correclty the
time for the ceramic to saturate. The HYDRUS inversion
estimated the residual pressure head with better accuracy
if compared to the EPR estimation.

Figure 10. Graphical results of inversion for field data.

Table 6 presents the parameters estimations. EPR
inversion showed smaller hydraulic conductivity
coeficient 𝐾𝑠𝑎𝑡 and smaller 𝛼 coeficient. Even though it

provides smaller hydraulic conductivity and larger air
entry values if compared to HYDRUS prediction, no
realiable conclusions can be drawn from their direct
comparison and therefore it would be more appropriate
to compare this results with laboratory measurements. In
the computational aspect, table (6) reinforcers that EPR
inversion outperforms the HYDRUS inversion
procedure.
Table 6. Field data inversion results, the fixed parameters and values
were: 𝜃𝑟 =0.0501 and 𝜃𝑠 =0.3329.

Parameter
𝜃𝑟
𝜃𝑠
𝛼
𝑛
𝐾𝑠𝑎𝑡
Computational time
(min)

HYDRUS
0.0325
2.6901
0.0026

EPR
0.0132
3.3020
0.0013

5

0.02

5. Conclusions
We have introduced a metodology to calibrate
surrogate models for unsaturated flow. Our methodology
uses field (MI test) and laboratory measurements
(characterization tests) to map hydraulic parameters
through Rosetta pedotransfer functions. This enables to
build a surrogate model which the optimum parameters
are within the models range. Therefore inversion
procedure doesn’t have to extrapolate the model’s range.
A surrogate model was explored through EPR
methodology. The EPR shows great potential at
modelling unsaturated flow and therefore providing an
alternative solution to overcome computational cost
raised by bayesian inverse procedures. From the
modelling point of view the incremental approach reveals
to be suitable for this application because it provides an
independent variable (𝛹𝑖 ) which captures the curve’s
behaviour. This enables a point-by-point construction of
the entire pressure head path from an imbibition
condition. From a computational prespective, calibrating
a surrogate for each test ensures great computational
performance. In this case both analyses used a low
number of curves (100 sets), evolutionary population
(90), generations (100) and number of terms, which
ensured good performance. Therefore, a general equation
might be computationaly time-consuming because of the
number of datas needed. For instance, if a general
equation would be considered with: 100 sets of
parameters, 20 initial conditions, 10 boundary
conditions, 10 observations points and a total time of
1000 seconds for each curve, the data set length would be
of 20,000,000 points, which excedes by far what has been
applied in the present work.
We also have introduced inversion analyses. The
results shows that EPR model captures the underlying
phenomenon reasonably. In both applications, EPR
surrogates, have captured the infiltration front arrival and
saturation time reasonably well. However it
overestimated the residual pressure head. The
computational time showed great performance, as it was
expected.

For future researches we highlight three
recommendations for EPR procedure: use of a multiobjective approach in order to estimate optimal strutures
[41], evaluate the impact of pseudo-polynomials on the
model accuracy and extend the model to capture spatial
variables. Finally we recommend other data-driven
techniques in order to capture the desired phenomenon.
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