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ABSTRACT: Large quantities of fly ash are being generated at a global level by thermal power plants. For the bulk 

utilization of fly ash in the field of geotechnical engineering, a relatively good understanding of the characteristics of fly 

ashes, their response and engineering behavior in the field is essential. The utilization of fly ash in embankments of 

earthquake-prone regions requires a thorough analysis and knowledge of its dynamic properties. In the present study 

fixed-free type of resonant column tests have been carried out on fly ash to analyse the influence of various factors on the 

dynamic shear modulus (G), Young’s modulus (E) and Damping ratio (D) with the shear strain in the range of 0.0005-

0.05%. The specimens are subjected to varying confining pressures of 50 kPa to 400 kPa. The dynamic modulus, Young’s 

modulus and damping ratio are found to be dependent upon the confining pressure and shear strain. 
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1. Introduction 

Power generation in India is primarily coal/lignite 

based with about 80% of electricity generation obtained 

from coal based thermal power stations. India has coal 

reserves of 319.04 billion tonnes and 167 nos. of thermal 

power stations. Indian coal has high ash content (30-

45%) which results in fly ash generation of large quan-

tity. In the year 2017-18, the amount of fly ash generated 

was estimated to be 196.44 million tons. Fly ash disposal 

is a matter of concern since it requires large area for its 

safe disposal without causing pollution of air and water. 

Therefore, it is imperative to find out alternative uses for 

bulk utilization of fly ash without causing adverse effects 

on environment. 

Numerous studies are available on the behavior of fly 

ash as a construction material. Study on unprocessed, 

compacted fly ash as structural fill was carried out by 

Martin et al. [1]. Kaniraj and Gayathri [2] carried out tests 

to study permeability and consolidation characteristics of 

fly ash. Kim et al. [3] studied the use of fly ash and 

bottom ash mixture as construction material in highway 

embankments. Compaction characteristics study carried 

out by Prakash and Sridharan [4] suggest that compacted 

dry unit weights are insensitive to moisture content 

variation. Effect of addition of various additives such as 

lime kiln dust(Kang et al. [5]), cement, fiber (Kumar and 

Gupta [6]), spent coffee grounds (Arulrajah et al. [7]) 

have also been studied. Malik and Shah [8] conducted 

plate load tests on compacted fills of fly ash (FA), fly ash 

(FA)-waste sludge (S), fly ash (FA)-cement (C) and fly 

ash (FA)-cement (C)-waste sludge (S) to assess their 

bearing capacity. Keatts et al. [9] experimentally studied 

relationships between apparent contact angle, dry 

density, and water entry head for a Class-F coal fly ash 

and Ottawa sand. Das et al.[10] carried out experiments 

to study the effect of randomly distributed geofibers on  

 

the seepage velocity and piping resistance of fly ash. It 

was reported that introduction of fibers reduced the 

seepage velocity and increased the piping resistance of 

fly ash. Erdal [11] conducted tests to determine chemical 

composition, grain size distribution, consistency limits, 

and free swell tests of expansive soil-lime, expansive 

soil-fly ash and expansive soil-cement samples. Erdem et 

al. [12] investigated the resilient moduli and unconfined 

compressive strength of the organic soils modified by fly 

ash. Indraratna et al. [13] conducted tests on ASTM Class 

C fly ash and suggested its use as an effective fill for 

embankments. Lo and Wardani [14] conducted triaxial 

tests on cmented silts to determine the mechanical 

behavior and reported that cemented soils became more 

dilatant than parent soils. 

Boominathan and Hari [15] conducted cyclic triaxial 

tests on fly ash samples reinforced with randomly 

distributed fiber and assessed liquefaction resistance of 

fly ash. Chattaraj and Sengupta [16] suggested 

correlations for predicting the value of maximum 

dynamic shear modulus (Gmax) for the fly ash based on 

confining pressure and void ratio. Saride and Dutta [17] 

conducted fixed-free type resonant column tests for 

determination of dynamic properties of fly ash treated 

with and without expansive soils. Madhusudhan and 

Senetakis [18] carried out tests on Bangalore sand in 

flexural mode of vibration to determine elastic Young‘s 

modulus values and material damping. The review of 

literature indicates that very few studies are available on 

strain dependent dynamic properties of fly ash. For 

assessing suitability of fly ash as an embankment 

material, it is also necessary to consider the dynamic 

behaviour of fly ash in an earthquake prone region. 

Hence the focus of the present study is to assess the 

dynamic behaviour of fly ash in order to ensure its 

suitability as a geomaterial. 



 

2. Experimental Procedures 

The fly ash used in the present investigation is col-

lected from Kolaghat thermal power station, West Ben-

gal. The particle size distribution is shown in Fig.1. It is 

found that fly ash primarily consists of silt sized (about 

75% by weight) particles. In Fig. 1 comparison of the par-

ticle size distribution of fly ashes collected from Parichha 

power plants, Panki power plants and Neyveli Lignite 

Corporation are also presented (Das and Yudhbir, 2005 

[19]). It may be seen from the figure that the grain size 

curve of the present fly ash sample lies within Panki fly 

ash and Parichha fly ash.  

 
Figure 1. Particle size distribution curve for fly ash 

 

Fig. 2 represents the compaction curve for the fly ash. 

It may be seen from the figure that moisture-density 

curve is relatively flat indicating that dry density does not 

change significantly with the variation of moisture con-

tent. Similar behavior has also been reported by Martin 

et al. [1] and Ghosh and Subbarao [20]. 

 
Figure 2. Compaction curve for fly ash 

 

Table 1 and Table 2 present the chemical composition 

and geotechnical properties of fly ash, respectively. 

Table 1. Chemical composition of fly ash 

Chemical Compound Concentration (%) 

SiO2 59.021 

Al2O3 29.220 

Fe2O3 6.177 

CaO 0.679 

MgO 0.679 

Others 4.224 

Table 2. Geotechnical properties of fly ash 

     Properties Values 

Specific Gravity 2.15 

Effective Size, D10 (mm) 0.012 

D30 (mm) 0.018 

D60 (mm) 0.03 

Coefficient of Uniformity, Cu 2.5 

Coefficient of Curvature, Cc 0.9 

Maximum Dry Density (gm/ml) 1.19 

Optimum Moisture Content (%) 28.4 

 

2.1. Preparation of samples 

Fly ash samples are prepared by static compaction 

technique (in three layers). The test samples are 70 mm 

in diameter and 140 mm in length. Depending upon the 

density of the sample to be achieved, the required 

amounts of dry fly ash and water are taken. They are 

mixed thoroughly. The prepared mix is then poured into 

the mold in three layers. After pouring the first layer, 

static compaction is applied to achieve one-third height 

of the sample. The top of the surface is scarified before 

pouring the second layer in order to ensure proper bond-

ing between consecutive layers. The process is repeated 

until full height of the sample is achieved. The sample is 

then extruded from the mold for testing.    

3. Resonant Column Test 

The tests are carried out in a fixed-free type resonant 

column device. Fig. 3 presents the resonant column 

apparatus. After placing specimen on the pedestal, the 

top-cap is positioned on the top of the specimen. Then the 

drive system, consisting of four magnets, is attached to 

the top-cap. It is ensured that each magnet within the coils 

is able to move freely. For the application of air pressure, 

the confining chamber is placed on the resonant column 

unit. The resonant column test is performed by applying 

a sinusoidal excitation through a torque producing 

system. During torsional test, four pairs of coils are 

connected in a series to produce a net torque and during 

flexural test, only two magnets are used to apply a 

horizontal force to the specimen. After the application of 

air pressure, a small amount of voltage is applied to 

produce torque on the specimen through the coils at a 

frequency range of 30-200 Hz with an increment of 5 Hz. 

This process is called Broad Sweeping or Coarse 

sweeping and it roughly determines the natural frequency 

of the sample. Once the broad sweep is completed, fine 

sweeping is conducted at a frequency range of ±5 Hz on 

either side of the roughly estimated natural frequency, 

with an increment of 0.1 Hz, to detemine the natural 

frequency accurately. The voltage in the coils is 

increased gradually and the above process is repeated at 

each increment until the shear strain exceeds 0.01%. 

Confining pressures of 50 kPa, 100 kPa, 200 kPa, and 400 

kPa are applied with the value of shear strain varying in 

the range of 0.0005% ≤ γ ≤ 0.01%. Both torsional and 

flexural tests are conducted on fly ash samples prepared 

at 70% and 100% relative densities.   
 



            
Figure 3. Resonant Column Unit 

3.1. Torsional Test 

The shear wave velocity is calculated from the 

following Eq. (1), 

 

𝑉𝑠 =
2𝜋𝑓𝑙

𝛽
                                                                       (1)                                                 

 

where,  

Vs = shear wave velocity (in m/s);  

f = natural frequency of sample found from resonant 

column test (in Hz); and  

l = length of sample (in m). 

β is found from the basic equation of fixed-free 

resonant column given by Eq. (2) given below,   

  
𝐼

𝐼0
= 𝛽 tan 𝛽                                                                  (2) 

 

where,  

I = mass polar moment of inertia of cylindrical soil 

sample = 𝑚𝑑2/8 (mass is in kg and diameter is in m); 

and  

I0 = mass polar moment of inertia of drive system 

(found out experimentally from calibration of the 

system).  

Shear Modulus (G) is then found out using the 

following relationship,  

𝐺 = 𝜌𝑉𝑠
2                                                                      (3)                                               

where ρ = density of soil specimen. 

The viscous damping ratio (D) is measured from the 

shape of the free vibration decay curve. The logarithmic 

decrement (δ) is calculated by taking logarithm of the 

ratio of amplitudes of successive cycles. Then damping 

ratio is calculated using equation (4) given below: 

𝐷 = √
𝛿2

4𝜋2+𝛿2                                                               (4) 

3.2. Flexural Test 

The specimen and drive mechanism are idealized as 

an elastic column with a lumped mass at its free end. 

Applying Rayleigh’s Energy method i.e.no energy is lost 

in the system and total energy is constant. From Cascante 

[21] the following equation is obtained using Rayleigh’s 

method and considering N distributed masses mi. 

 

𝜔𝑓
2 =

3𝐸𝐼𝑏

𝐿3[
33

140
𝑚𝑇+∑ 𝑚𝑖.ℎ(ℎ0𝑖,ℎ1𝑖)𝑁

𝑖=1 ]
                         (5) 

 

where      

 ℎ(ℎ0𝑖 , ℎ1𝑖) = [1 + 3
(ℎ0𝑖+ℎ1𝑖)

2𝐿
+

3

4
(

ℎ0𝑖
2+ℎ0𝑖ℎ1𝑖+ℎ1𝑖

2

𝐿2 )] 

 

h0i, h1i=heights at bottom and top, respectively of mass i 

as measured from the top of soil specimen 

E=Young’s modulus of specimen 

Ib=area moment of inertia of specimen 

mT=mass of the specimen 

Eq. (5) can also be expressed in terms of center of 

gravity yci and area moment of inertia with respect to the 

center of gravity Iyi of each mass mi. 

ωf
2 =

3EIb

L3[
33

140
mT+∑ mi

N
i=1 +

3miyci
L

+
9(Iyi+miyci)

4L2 ]
                     (6) 

Similarly Eq. (6) can also be represented as, 

h(yci, Iyi) = 1 +
3yci

L
+

9

4L2 [
Iyi

mi
+ yci

2 ]                         (7) 

Young’s modulus, Eflex is calculated based on the 

geometric properties of specimen and apparatus, and 

resonant frequency of flexural vibration. 

The longitudinal wave velocity, VLF in a rod can be 

calculated from Eflex and density of the specimen, ρ: 

VLF = √(
Eflex

ρ
)                                                         (8) 

4. Results and Discussion 

4.1.1. Effect of confining pressure on Shear 

modulus (G) 

Variation of shear modulus with torsional shear strain, 

for fly ash at 70% and 100% relative density (RD), is 

shown in Fig. 4. It may be seen from the figure that at 

constant confining pressure (CP), value of shear modulus 

degrades with strain. The reference strain for fly ash is 

found to be 0.001% based on the experimental data. The 

tests are terminated when a strain of 0.01% is achieved. 

The interrelation between normalized shear modulus 

(G/Gmax) degradation and shear strain is shown in Fig. 5 

at different confining pressures. It may be seen that at 

constant confining pressure, shear modulus degrades 

with shear strain. The relationship between degradation 

of shear modulus and confining pressure is found to be 

inversely proportional. At 50 kPa confining pressure, the 

shear modulus degrades by 24%. However, at 400 kPa 

confining pressure the degradation is measured to be 9%.  

      



 

 

    
Figure 4. Variation of shear modulus with torsional shear strain for 

fly ash at (a) 100% relative density and (b) 70% relative density 

 

 
Figure 5. Variation of shear modulus degradation with torsional shear 

strain for fly ash at 100% relative density  

4.1.2. Effect of confining pressure on damping 

ratio (D) 

  
Figure 6. Variation of damping ratio with torsional shear strain for fly 

ash at 100% relative density  

 

Figure 6 shows the effect of confining pressure on 

damping ratio of fly ash at relative density of 100%. It 

may be seen that at constant confining pressure, damping 

ratio increases with strain amplitude. The relationship 

between confining pressure and damping ratio is found to 

be inversely proportional. Similar trend is also reported 

in literature [16]. 

4.1.3. Effect of void ratio (e) on shear modulus 

(G) 

Figure 7 shows the interrelation between modulus 

degradation with strain.  

 
Figure 7. Variation of shear modulus degradation with torsional shear 

strain for fly ash at constant confining pressure  

 

It may be seen from the figure that shear modulus 

degradation is dependent upon shear strain at a given 

value of confining pressure and void ratio. The effect of 

void ratio on the variation is found to be negligible.  



4.1.4. Effect of void ratio on torsional 

damping ratio (D) 

  
Figure 8. Variation of damping ratio with torsional shear strain for fly 

ash at 400 kPa confining pressure  

 

Figure 8 shows the relationship between damping ratio 

and torsional shear strain. It is observed that the values of 

damping are quite close to each other for two different 

relative densities of fly ash. It implies that damping of fly 

ash is greatly influenced by shear strain and is not signif-

icantly influenced by the void ratio (relative density). 

Similar trend is observed at all confining pressures. 

4.1.5. Effect of confining pressure on 

maximum shear modulus (Gmax)  

Figure 9 shows the effect of confining pressure on 

maximum dynamic shear modulus at different relative 

densities. 

 
Figure 9. Variation of maximum shear modulus with confining pres-

sure at different relative densities 

 

It may be seen from the figure that Gmax increases with 

confining pressure at constant relative density. This be-

havior may be attributed to the fact that with increase in 

confining pressure, stiffness of fly ash also increases. The 

increase in the values of Gmax are found to be 132% and 

151% for fly ash at void ratio of 0.785 and 1.077 respec-

tively.  

4.1.6. Effect of confining pressure on Young’s 

modulus (E) 

Figure 10 shows the variation of Young’s Modulus 

with flexural strain at different confining pressures. 

 

  
Figure 10. Variation of Young’s modulus with flexural strain for fly 

ash at (a) 100% relative density and (b) 70% relative density 

 

It may be seen that Eflex increases with increase in con-

fining pressure. This behavior is similar to the variation 

of shear modulus with confining pressure. 



 

 
Figure 11. Variation of damping ratio with flexural strain for fly ash 

at 100% relative density  

 

 Figure 11 shows the variation of damping ratio with 

flexural strain. It may be seen that the trend is similar to 

the behavior of damping ratio with torsional shear strain. 

Damping ratio is found to decrease with increase in con-

fining pressure at constant relative density. At 70% rela-

tive density similar behavior is also observed. 

4.1.7. Effect of void ratio on flexural damping 

ratio (Df) 

 
Figure 12. Variation of damping ratio with flexural strain for fly ash 

for different relative densities at 400 kPa confining pressure 

 

 Figure 12 shows the effect of void ratio on flexural 

damping at 70% and 100% relative densities. It may be 

seen from the figure that the trend is similar to the behav-

ior of torsional damping as shown in Fig. 8. The damping 

ratio does not greatly depend upon the void ratio but is 

dependent upon strain amplitude. Torsional damping (D) 

is found to be higher in magnitude than the flexural 

damping (Df) at all confining pressures. At relative den-

sity of 100% and lower confining pressure of 50 kPa, the 

ratio (Df/D) is found to fall in the range of 0.3-1.13. At 

400 kPa confining pressure, the value lies in the range of 

0.6-0.89. 

 Figure 13 shows the effect of confining pressure on 

Young’s modulus at 70% and 100% relative densities. 

 
Figure 13. Variation of Young’s modulus with confining pressure at 

different relative densities 

 

It may be seen from the figure that Young’s modulus 

increases with increase in confining pressure at constant 

relative density. Similar behavior is also observed in Fig. 

9 for variation of Gmax. The increase in the values of Eflex 

are found to be 135% and 157% for fly ash at void ratio 

of 0.785 and 1.077 respectively. 

4.1.8. Comparison of Gmax and torsional 

damping ratio (D) with other studies 

The values of Gmax and torsional damping ratio (D) 

obtained from the experimental results are compared 

with the empirical relations suggested for fly ash by 

Chattaraj and Sengupta [16], and for sand by Seed and 

Idriss [22]. Equation (9) and Eq. (10) represent the 

relations for estimation of Gmax and damping ratio of fly 

ash, respectively. Equation (11) represents the relation 

for estimation of maximum shear modulus of sand. 

Figures 14 (a) and 14 (b) show the comparison of values 

of Gmax and torsional damping ratio. In Eq. (11), K2,max is 

determined from the void ratio or relative density of sand. 

It may be seen from the Fig. 14 (a) that the value of Gmax 

obtained from the Eq. (9) and the experimental data are 

in good agreement. The data obtained from Equation (11) 

are higher than the experimental Gmax values of fly ash. It 

may be attributed to the fact that stiffness of sand is 

higher than that of fly ash. From Fig. 14 (b) it may be 

observed that the damping values of fly ash of different 

relative densities are lying close to the values obtained 

from Eq. (10) at 50 kPa. It is also observed that damping 

ratio values are more dependent upon shear strain 

amplitude than relative density or void ratio as observed 

in Fig. 8.  

 



 
 

        

 
 

Figure 14. Comparison of observed values with predicted values of 

(a) Gmax at different confining pressures and (b) torsional damp-
ing ratio, D at 50 kPa  

 

𝐺𝑚𝑎𝑥 =
463.98×(𝑃𝑎)0.545×(𝜎0)0.455

(0.3+0.7𝑒2)
                                   (9)  

 

𝐷𝑠 = 115.65 (
𝜎0

𝑃𝑎
)

−0.175

(𝛾)                                               (10) 

 
𝐺𝑚𝑎𝑥 = 1000 𝐾2,𝑚𝑎𝑥  (𝜎′

𝑚)0.5                                               (11) 

 

5. Conclusions 

The dynamic behavior of fly ash has been reviewed in 

the present paper. It is observed that value of dynamic 

shear and Young’s modulus degrade with increase in the 

value of strain amplitude. It is observed that at 50 kPa 

confining pressure, the shear modulus degrades by 24% 

and at 400 kPa confining pressure the degradation is 

measured to be 9% with strain amplitude in the range of 

0.001%-0.01%. This decrease in the rate of degradation 

may be attributed to the fact that increase in confining 

pressure increases the stiffness of fly ash. It is observed 

that at constant confining pressure rate of shear modulus 

degradation does not depend significantly on relative 

density. It is observed that torsional damping ratio and 

flexural damping ratio are very much influenced by con-

fining pressure and strain amplitude. Young’s modulus is 

found to increase by 135% and 157% at void ratio of 

0.785 and 1.077 respectively. Torsional damping of fly 

ash is found be higher than flexural damping of fly ash. 

The experimentally obtained data of damping ratio (tor-

sional) and dynamic shear modulus are compared with 

data obtained from the relations suggested by Chattaraj 

and Sengupta [16], and Seed and Idriss [22]. It is ob-

served that Gmax values of sand are higher than the Gmax 

values of fly ash. The experimental data obtained are in 

agreement with the data obtained from the relations sug-

gested by Chattaraj and Sengupta [16]. 
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